The paper presents results obtained using a transient analysis technique for point contact elastohydrodynamic lubrication (EHL) problems based on a formulation that effectively couples the elastic and hydrodynamic equations. Results are presented for transverse ground surfaces in an elliptical contact that show severe ®lm thinning at the transverse limits of the contact area. This thinning is caused by transverse (side) leakage of the lubricant from the contact in the remaining deep valley features. Comparison is made between the elliptical contact results on the entrainment centreline and the equivalent line contact analysis. This con®rms the importance of edge effects as a likely cause of ®lm collapse and scuf®ng failure.
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INTRODUCTION
This paper presents theoretical results from the analysis of transient rough surface point contact problems obtained using the new coupled numerical formulation to the elastohydrodynamic lubrication (EHL) point contact problem described and validated in the companion paper [1] . The primary purpose of the paper is to demonstrate the strong side leakage effects that can take place in transverse ®nished elliptical contacts. In the case of smooth surfaces the EHL contact adopts a selfsealing con®guration by developing side constrictions in the form of the familiar horseshoe shape measured in optical interferometry experiments. When signi®cant transverse roughness features are present, however, this mechanism is unable to seal the transverse¯ow in the valley features of the roughness because the closest that the surfaces can be brought together is determined by physical contact of the asperity tip features. This mechanism of acute side leakage in rough contacts was proposed as the basis of an EHL failure model by the authors in a previous paper [2] , following the observation that scuf®ng failure in such contacts invariably occurred at their edges [3] . This transverse boundary location is not subject to extreme temperature or pressure behaviour and its identi®cation as the location of initial scuf®ng failure is a signi®cant observation that identi®es¯uid ®lm collapse as the originator of the thermal runaway that characterizes the scuf®ng mechanism.
In engineering practice the edge areas in gear contacts are subject to leakage of the form described above, but the load-bearing area is often treated as a line contact.
Comparison of line and point contact results using surface pro®les taken from experiments con®rm that side leakage has very little in¯uence except at the transverse limits of a contact. In practical gear contacts such failure may not be limited to the nominal edges of the contacts, but may occur away from the edges of teeth due to surface waviness features.
Finally, some detailed comparisons are made with published EHL point contact results that exhibit microand macrocontact. The cases considered are of surfaces with sinusoidal surface ®nish [4] and extreme load behaviour of smooth surfaces [5] . Signi®cant differences are seen between the current work and the results published in references [4] and [5] .
CONTACT ANALYSIS
The companion paper [1] discusses the way in which the hydrodynamic Reynolds equation
and the de¯ection equation
are combined to form a coupled matrix problem where the pressure and ®lm thickness at each point are primary variables to be solved for simultaneously. In the current point contact con®guration these equations are solved by a novel coupled iterative scheme as described in reference [1] . A new feature of the results presented in the current paper is that of¯uid ®lm breakdown resulting in contact between the microasperities. Where contact occurs between the two surfaces the hydrodynamic ®lm thickness is theoretically zero, although in practice there will typically be a boundary ®lm that controls the local friction coef®cient. Equation (1) arises from fundamental consideration of mass¯ow continuity of the¯uid ®lm, and at locations where the ®lm thickness is zero there can be no such mass¯ow. The physical principle on which equation (1) is founded is thus not applicable at microcontact locations. Equation (2), however, is always applicable as it relates the pressure acting on the surfaces to their de¯ection irrespective of whether the pressure arises from a hydrodynamic ®lm or from direct contact. When equations (1) and (2) are discretized using ®nite element or ®nite difference methods they become algebraic equations relating the pressure and ®lm thicknesses at neighbouring points. For the …i, j † node these are of the form
as discussed in reference [1] . In equations (3) and (4) the suf®x k represents the nodes contributing to the assembled equation at node …i, j † and kˆ0 denotes that node. A k and B k are the pressure and ®lm variable coef®cients for the Reynolds equation (1) and n c is the number of neighbouring nodes involved in the formulation. Similarly, C k and D k are the pressure and ®lm variable coef®cients for the differential de¯ection equation (2) . In a ®nite difference discretization, equations (3) and (4) correspond to applying the ®nite difference equations at that mesh point. In a ®nite element hydrodynamic formulation, equation (3) results from the element¯uid matrix assembly procedure.
To correctly include contact situations in the coupled methods described in references [1] and [6] the hydrodynamic equation (1) corresponding to the contacting point is removed from the solution scheme and replaced by the condition hˆ0. This condition is effectively a prescribed displacement at the contacting point as far as the de¯ection equation is concerned so that the pressures obtained using that equation are consistent with the local ®lm shape incorporating the prescribed de¯ection at the contacting point(s). Since the hydrodynamic equation has been removed from the scheme at the contacting point, the pressure developed there is a pressure boundary condition for the full-®lm areas on either side of the localized contact. The value of hˆ0 is the required boundary value for the ®lm thickness in the adjoining full-®lm areas.
For the line contact analysis [6] the problem matrix is solved with a standard elimination solver. To implement the procedure described above for this solution method it is necessary to re-order the hydrodynamic and elastic equations corresponding to the contacting point. Thus the elastic equation (2) relating h and p is written into the corresponding hydrodynamic row, and the original elastic equation row in the matrix becomes the condition hˆ0. For the point contact analysis described in reference [1] this procedure is unnecessary as a suitable adjustment can be made within the iterative scheme. If a negative value for h is calculated in solving equations (3) and (4) at a mesh point during the iterative process, then it is set to zero and equation (4) is solved for the resulting pressure value.
This approach can be used to solve the dry contact problem using equation (2) , as can be seen from the results for the smooth contact start-up analysis presented in reference [7] . This problem involves the simultaneous solution of full-®lm and dry contact areas because liquid is ®rst entrained into a dry contact by motion of the surfaces. The iterative approach described above deals effectively with this situation, maintaining a dry contact pressure that remains essentially Hertzian away from the area where the contact shape is distorted by the entrained¯uid. The comparison made in reference [7] with the elegant experimental work of Glovnea and Spikes [8] for this situation provides con®rmation of the validity of the approach adopted.
RESULTS
Comparison of point and line contact solutions
Results were obtained using the method described above and in reference [1] for the rolling/sliding contact between two rough surfaces. The con®guration examined was that of a contact corresponding to crowned discs used in experimental scuf®ng tests by Patching et al. [3] and others. The crowned ®nish is obtained using a generating process where the disc is brought into contact with the internal conical surface of a grinding wheel while rotated about its shaft axis, as described in reference [3] . This results in grinding ®nishing marks that are essentially in the transverse direction (i.e. perpendicular to the circumference of the disc). The grit paths are in reality circular, but with a radius that exceeds the disc thickness by a factor of about 10. Two such discs are loaded together in the scuf®ng experiments and the crown and disc radii are such that the radii of relative curvature are R xˆ1 9:05 mm and R yˆ1 52:5 mm, giving a contact aspect ratio of 3.91.
The line contact con®guration adopted for comparison purposes was as examined by Tao et al. [9] and is speci®ed in Table 1 along with all other operating condition parameters. The comparison was made on the basis that the geometrical features in the entrainment direction were equal, i.e. R x and a, and the 5 per cent difference in the Hertzian pressure is an unavoidable difference due to the different contact con®gurations. A 4 per cent difference in Z 0 between the cases was used to ensure equal smooth surface central ®lm thickness values. This difference in Z 0 was adopted for all the line and point contact comparisons reported in the paper. The rough surface data used are a series of equally spaced surface heights taken with a pro®lometer from experimental discs. The pro®les used for the analyses presented are illustrated in Fig. 1 , where in each case solid metal is below the pro®le. Trace A is a pro®le taken from a well run-in transverse ground disc used in scuf®ng experiments by Patching et al. [3] . Traces B and C are taken from gear micropitting tests and have been run for several load stages, and as a result have become run-in to some extent, but close examination shows that they clearly have larger asperities than pro®le A. Traces A, B and C have R a values of 0.32, 0.22 and 0.31 mm respectively. The lubricant modelled is Mobil Jet 2, a synthetic gas turbine lubricant used in earlier scuf®ng experiments [3] , and the lubricant parameters used are as speci®ed in Table 1 . Intermediate heights that are required as the surfaces move through the contact are obtained using cubic spline interpolation, which ensures slope continuity at the measured points. Ensuring that the contact dimension, a, is identical for the point and line contact cases enables mesh sizes in the x direction to be speci®ed that are exactly equal. This ensures that in the comparisons both rough surfaces are de®ned by exactly the same undeformed surface height at each mesh point in each of the two models. The transient analysis is started from the smooth steady state solution and the rough surface features, which make the problem time dependent, are fed in with the moving surfaces from the inlet boundary position. Because of the different speeds of the two surfaces the time taken for both surfaces in the contact to become fully rough is that for the slowest of the two surfaces to move from the inlet boundary to the exit boundary. Figure 2 shows the pressure and ®lm thickness obtained using the point and line contact models at a particular timestep when both surfaces are rough, with the roughness pro®le taken from pro®le A in Fig. 1 . These variables are shown in the upper part of the ®gure and the two rough surfaces are seen below in their con®guration at the current timestep, offset for clarity. For each of the four curves shown the results for point and line contacts are superimposed and it can be seen that there are only minor differences in the pressure distributions and that the ®lm thickness distributions obtained are almost identical. The point contact hydrodynamic equation is formulated using four-node linear quadrilateral elements, and for the purposes of this comparison an identical formulation has been used for the line contact example. Comparison of the pressure pro®les shows that the peak asperity pressures are the same for the point and line analyses and that where differences are seen the point contact pressure is of the same form as the line contact but offset to a value of up to 10 per cent higher. Since the smooth surface point contact solution pressure exceeds that of the line contact case by 5 per cent, as discussed above, pressure differences of the order shown in Fig. 2 are to be expected. Within the Hertzian area the maximum difference in ®lm thickness between the two rough surface analyses is 0.035 mm and visible differences can only be seen outside the Hertzian area. This is to be expected as the de¯ected shapes outside the Hertzian area are different for point and line contacts. Figures 3 and 4 present similar comparisons for two further timesteps during the analysis some 1200 timesteps before and 600 timesteps later than that of Fig. 2 respectively. They show essentially the same outcome: minor differences in pressure with an almost identical ®lm thickness distribution using the two models.
Similar results are seen in the individual timesteps shown in Figs 5 to 8. Figures 5 and 6 show comparisons for two further slide±roll ratio values using the same surface pro®le (A). Figures 7 and 8 have been obtained using the other two roughness pro®les (B and C), illustrated in Fig. 1 with the other conditions unchanged. Pro®le C has a more aggressive effect on the pressure distribution, as was seen in reference [9] , but the salient features of the comparisons between the point and line contact analyses can be seen to be a common feature of all these results. The comparisons show clearly that in the regime examined where the l ratio is small, the response of the two surfaces to EHL is essentially the same in the point and line contact cases. This con®rms that a line contact analysis is able to predict the rough surface EHL behaviour in the central area of point contacts. The point contact examined in this comparison has an aspect ratio of about 4:1 so it can be expected that the contacts in involute spur gears, for example, behave in the way predicted by line contact analysis over most of their contact area, given that the ratio of face width to contact dimension is typically greater than 10.
Edge effects in rough point contacts
Although the results reported above clearly indicate the validity of a line contact analysis for the central region of rough surface EHL contacts, there are signi®cant side leakage effects to be observed at the transverse limits of the contact area. Figure 9 shows the ®lm thickness contours obtained for the point contact analysis at the timestep illustrated in Fig. 2 . For this example the steady state central ®lm thickness for smooth surfaces is 0.48 mm, with a minimum value of 0.42 mm at the entrainment centre-line. For the timestep shown in Fig. 9 , the centre-line ®lm thickness has been reduced by the presence of the moving roughness to have levels of the order of 0.15 mm, i.e. a reduction to 35 per cent of the smooth surface value. The contours show that the ®lm thickness behaviour remains unchanged over most of the width of the Hertzian contact area. Towards the transverse limits of this area, however, the ease with which lubricant in the valley features can move in the transverse direction under the in¯uence of the transverse pressure gradient has a signi®cant in¯uence on the ®lm thickness developed on the microasperities. The authors have previously proposed this as a mechanism for the failure of EHL lubrication with transverse ®nished surfaces [2] , where it was shown that this effect can be expected to be related to the second derivative of the pressure in the transverse direction, …q 2 p=qy 2 †. This is derived from consideration of a rectangular control volume of width dy in the transverse direction that spans a valley feature from one microcontact ridge to the next. The¯ow out of the control volume in the y direction is given by the integral of s y …qp=qy †, so the net loss of mass¯ow is the difference between two such terms on the two sides of the control volume. In simple terms this gives the difference between the¯ow into the control volume over its upstream boundary of length dy and that out of the control volume at its downstream boundary. The loss of ®lm thickness from one contact ridge to the next is thus due to the integral of s y …q 2 p=qy 2 † along the valley feature. The location of the highest value of q 2 p=qy 2 in the valley features is included in Fig. 9 as a broken curve. It can be seen that a signi®cant reduction is predicted in the micro ®lm thickness generated between asperities as the edge of the contact is approached and that this reduction is concentrated in the area between the highest value of q 2 p=qy 2 and the transverse edge of the contact. This transverse leakage phenomenon is found to lead to contact conditions developing as the analysis proceeds as described in section 3 and illustrated in the xˆ0 pro®le in Fig. 12 . To allay concerns as to whether the contact phenomenon described above is unduly in¯uenced by the mesh spacing adopted in the transverse direction, a set of calculations with transverse mesh spacing of Dyˆb=50, b=100, b=150 and b=200 was carried out. Figure 13 shows a transverse ®lm thickness section at a timestep in which contact occurs at the location shown. The ®lm pro®les for the four transverse mesh resolutions can be seen to follow each other closely. The numbers of contacting mesh points on the section at the illustrated timestep are 3, 7, 11 and 15 respectively. The corresponding contact lengths are 79, 92, 96 and 98 mm respectively, so that the coarsest resolution contact length agrees with the ®nest resolution length to within a mesh spacing. In addition, Table 2 gives the number of mesh points in contact at 11 timesteps in the analysis. The last three columns give the numbers for the ®ner mesh spacings normalized with respect to those for the coarsest. These normalized values are suf®ciently close to the ideal values of 2.0, 3.0 and 4.0 to give high con®dence that the incidence of contact is being determined to within the resolution of the mesh adopted and that the resolution of Dyˆb=50 adopted in determining the results in this paper is certainly suf®cient to identify and quantify the contact phenomenon.
The¯ow pattern that gives rise to these side leakage effects is illustrated in Fig. 14. This shows a detailed contour plot of ®lm thickness over a limited part of the contact area that contains three microcontacts. The area shown is near the transverse boundary to the Hertzian contact area whose position is indicated by the heavy curve. The composite valley features separating the microcontacts have ®lm thickness values in excess of 1 mm while the microcontact at xˆ0:16a has a ®lm thickness that falls as low as 0.05 mm. Vectors of the ®lm's mass¯owrate at the timestep illustrated are shown in the ®gure as arrows aligned with the local¯ow direction whose lengths are proportional to the¯owrate. This illustrates the high degree of deviation of the¯ow from the rolling/sliding direction that occurs at this transverse boundary, in keeping with the principles of the side leakage mechanism described above. Figure 15 shows the mesh point locations at which contact of this kind is calculated to occur during 4200 timesteps of the analysis. During this time the slowest moving surface passes through a distance of 9.5a relative to the point of contact and the behaviour may be taken as representative of mean behaviour. The count of timesteps during which contact occurs at a mesh point is indicated by the contour level, so that the darkest colour in the ®gure corresponds to the highest occurrence of calculated contact. When contact occurs on the entrainment centre-line it also occurs on that particular asperity across the transverse width of the contact. However, this occurrence can be seen to be infrequent from the contours in Fig. 15 . The calculated incidence of contact is seen to be concentrated around the transverse boundary of the Hertzian ellipse and to be more prevalent towards the exit of the contact. Both of these features are predicted by the simpli®ed analysis pre- viously proposed [2] , where the ®lm leakage effect was seen to accumulate as the oil moved through the contact with the micro-EHL ®lm-forming mechanism being progressively weakened at each successive downstream microcontact. This new numerical result for predicted contact also correlates well qualitatively with the observed behaviour of transverse ground discs in scuf®ng experiments [3] . These discs are found, without exception, to scuff initially at a transverse edge of the contact. The scuf®ng scar then spreads towards the centre of the contact. Figure 16 shows a photograph of a disc from a typical scuf®ng experiment of this kind. The transverse grinding marks can be seen both in the central contact track of the crowned disc and in its unloaded parts to the left and right of the contact track. The Hertzian contact area at the scuf®ng load is illustrated by the overlaid ellipse, and the scuf®ng damage can be clearly seen to be limited to an area that corresponds to the high contact occurrence locations shown in Fig. 15 . In this experiment the load was removed as soon as scuf®ng was detected by a sharp increase in friction and noise [3] , and 75 per cent of the contact area track remains undamaged.
For the elliptical contact results described above the computing mesh covered the area ¡ 2:5a < x < 1:5a, ¡ 2b < y < 2b, with mesh spacing Dxˆa=200, Dyˆb=50. The timestep adopted was DtˆDx=…2u max † so that the faster moving surface moved through one mesh spacing over two timesteps. This aspect of the results has been discussed in some detail in reference [1] . The question of grid point resolution arises and the possible effect of that resolution on calculated contact conditions. The systematic evaluation of this possible feature of the analysis is on-going. However, some con®dence that the mesh resolution in the roughness direction is suf®cient may be gleaned from Fig. 17 . This shows a number of pressure and ®lm thickness sections for the case of Fig. 2 in detail for the area 0:275a < x < 0:475a. The sections are parallel to the x axis at a number of transverse positions in the Hertzian contact area. The three composite microasperities at x0 :3a, xˆ0:4a, xˆ0:45a can also be observed at a Table 2 The number of contacting points at speci®c timesteps in the analysis carried out with four different transverse mesh spacings. The numbers are also given normalized with respect to those for the coarsest mesh spacing smaller scale in Fig. 2 . The composite microasperity at xˆ0:4a is calculated to be in contact at location yˆ3:83a. Also shown in the ®gure is the instantaneous composite undeformed roughness, which may be compared with the ®lm thickness sections to examine the asperity de¯ection taking place in the model solution.
The mesh resolution in the direction of this section is the same for each of the sections shown, as they differ only in the y location. At the centre-line the microasperity in question develops a ®lm thickness of 0.29 mm and generates a pressure of between 1.8 and 2.5 GPa over its deformed width of about 25 mm (from xˆ0:34a to xˆ0:42a). When the same section is considered at locations further from the x axis the microasperity ®lm thickness remains at close to the same value over 50 per cent of the Hertzian contact width. This thickness falls (as illustrated in Fig. 12 ) for sections approaching the transverse edge of the Hertzian contact. At location y3 a the de¯ected shape of the composite asperity has changed and developed an exit constriction of 0.04 mm. Although the pressure generated still reaches 2 GPa, the amount of load carried by the asperity has reduced considerably as the pressure developed in the valley feature centred at xˆ0:325a has fallen to below 0.2 GPa. This exit constriction becomes a calculated contact at yˆ3:83a, and that contact is made without a signi®cant increase in the asperity pressure level, which has in fact fallen to 0.75 GPa at this location. The load carried by the asperity has fallen to 20 per cent of the centre-line value at yˆ3:5a and as low as 5 per cent of the centre-line value at yˆ3:8a. The de¯ected asperity shape at these sections can be seen to be quite different, indicating that the mesh resolution adopted is not restricting the calculated de¯ection to an extent that interferes with the numerical model's ability to calculate a full ®lm. The difference between these locations is not in their respective resolution but rather in the degree to which the entrainment mechanism forces lubricant to¯ow under the composite asperity separating the contacting surfaces. As the side leakage opportunity increases towards the transverse contact limits, less lubricant is forced under the asperity whose ®lm thickness decreases progressively until the surfaces make calculated contact. It is interesting to note that calculated contact does not necessarily imply elevated pressures.
Comparison with the results of Zhu [4, 5]
Zhu and colleagues have published the results of a series of investigations showing microcontact between rough surfaces produced by a range of manufacturing processes showing differing degrees of contact between the surfaces. In recent papers the same method has been applied to surfaces having analytically de®ned sinusoidal features [4] and smooth surfaces subject to extremes of loading [5] . The transient analysis described in the current papers has been applied to these conditions for the purposes of comparison, and for this study the mesh sizes and lubricant properties are as speci®ed in references [4] and [5] . In contrast, the current method shows that full ®lms are maintained on the centre-line over the whole extensive range of conditions considered by Zhu. The difference is illustrated in Fig. 18 . This shows that the current method calculates central ®lm thickness values that continue to follow the power law behaviour of the Hamrock and Dowson formula at heavier loads while the central ®lm thickness results presented by Zhu fall rapidly to zero.
Comparisons with Zhu and Hu's results for sinusoidal features [4] are made in Fig. 19 . The case considered is a circular point contact where both surfaces have features whose heights vary sinusoidally in both the x and y directions. The composite root mean square roughness is 0.4 mm and the sinusoidal surfaces each have wavelengths of 0.25a in the x direction and 1.5a in the y direction. The entrainment velocity is again 0.625 m/s and the slide±roll ratio is xˆ¡ 0:2. This results in a smooth surface solution that has a central ®lm thickness [4] . The pressures corresponding to the ®lm thickness also differ markedly. The current results show pressure ripples increasing (rather than diminishing) as the surface peaks move into phase and for Fig. 19 (vi) the pressure ripple amplitude is 0.95p hz . The pressure results in reference [4] show markedly less rippling; indeed, in the case of Fig.  19 (iii) the pressure presented is quite close to Hertzian. Care was taken to ensure that the mesh size adopted for the current work was the same as that used in reference [4] . Contact is observed with the current method, but very infrequently, and again is located at the transverse limit of the contact area.
In Zhu's theoretical formulation, terms are removed from the Reynolds equation when the ®lm thickness reaches a small but arbitrary value, h dry . The results obtained by Zhu are not sensitive to the particular value adopted for parameter h dry (D. Zhu, personal communication, 2000), but are clearly different to those obtained with the current method, as seen from Fig. 19 . The current method has been validated for transient full-®lm conditions [1] against the independent method presented by Venner and Lubrecht [11] , so there is con®dence that its results are correct in full-®lm cases. The comparison in Fig. 19 shows that the current method predicts a full-®lm solution, whereas Zhu and Hu's solution shows considerable contact. This difference is disquieting because meaningful study of mixed lubrication must require contact to be established in a consistent way.
The modi®cation of the Reynolds equation introduced by Zhu for positions where the ®lm falls below h dry leads to it becoming
and it would seem that this simpli®cation, although allowing`mixed' lubrication calculations, has the effect of causing areas where the ®lm thickness falls below h dry to expand in a way that violates the mass¯ow continuity that is the foundation of the Reynolds equation. In contrast, the current method maintains all terms in the Reynolds equation, and thus the mass¯ow balance, for all points where a ®lm is calculated. When contact occurs at a node, h is zero and the Reynolds equation does not apply. The pressures calculated at the contacting points are predicted as a result of applying the differential de¯ection equation (2) along with the boundary condition hˆ0 at the contacting points. The pressures developed at the contacting points are then natural boundary conditions for pressure when applying the Reynolds equation at adjacent, non-contacting points. In this way continuity of mass¯ow is maintained.
CONCLUSIONS
1. Results of comparisons between point contact and line contact solutions for low l EHL situations with transverse roughness show that a line contact analysis is suf®cient to determine conditions of pressure and ®lm thickness on the centre-line of the contact. By implication, line contact analyses are able to determine the ®lm behaviour over most of the contacting region in involute gear contacts, for example. 2. Edge effects have been shown to be signi®cant at the transverse margins of contacts between components having a ground surface ®nish transverse to the entrainment direction. The loss of ®lm thickness in these instances is explained by transverse leakage in the valley features of the composite surface in accordance with the model proposed previously by the authors [2] . 3. Direct contact between the surfaces at the transverse boundaries of the conjunction has been observed in calculated EHL solutions, which is consistent with the location of initial scuf®ng failure in disc experiments with such surfaces [3] . 4. The`mixed' lubrication behaviour predicted by other researchers [4, 5] who have used a simpli®ed form of the Reynolds equation is not found in the current work when the same conditions are modelled.
